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The Supermoduli Space of Genus Zero SUSY Curves
with Ramond Punctures
Nadia Ott ∗ and Alexander Voronov †
Abstract
A construction of the supermoduli spaceM0,nR of super Riemann surfaces of genus zero with
nR Ramond punctures as a quotient Deligne-Mumford superstack of dimension (nR−3 |nR/2−2)
is presented.
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1 Introduction
Super Riemann surfaces (SUSY curves) arise in the formulation of superstring theory, and their
moduli spaces, called supermoduli space, are the integration spaces for superstring scattering am-
plitudes. A SUSY curve is described by the data (X,D), where X is a a compact complex su-
permanifold of dimension 1|1, and D is a rank (0|1) maximally non-integrable sub-bundle of the
tangent bundle called the SUSY structure.
Despite this slightly exotic definition, SUSY curves and their moduli have mathematical prop-
erties quite similar to those of Riemann surfaces. In fact, if one studies families parameterized
only by commuting (as opposed to anticommuting) variables, then SUSY curves are nothing other
than spin curves. In full generality, SUSY curves have unobstructed deformation theory and hence
may be expected to have smooth moduli. Our interest here is in the moduli problem, which we
will study from the point of view of algebraic geometry. The algebro-geometric approach to su-
permoduli theory was initiated by Deligne in a famous letter [Del] to Yu. I. Manin, where the
existence of a compactified moduli of stable SUSY curves was sketched, appealing to the (un-
written) generalization of Schlessinger’s conditions for pro-representability and Artin’s existence
theorems to supergeometry.1 Other historical works on moduli from other perspectives include
[LR88, DPHRSDS97, CV17].
We are interested specifically in genus zero SUSY curves, and in giving a construction of the
moduli space by an explicit quotient presentation (rather than by an abstract existence argument).
The desire to have a concrete presentation was expressed by E. Witten in a letter to A. S.
Schwarz [Wit10]. As with ordinary curves, genus zero SUSY curves present a certain challenge, as
1After the original appearance of the present article, a detailed argument for existence of moduli of stable SUSY
curves was given in [MZ19], along the lines of Deligne’s letter but without explicit use of the Artin theorems.
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they have an infinitesimal group of automorphisms, and so in order for the moduli problem to be
representable by a Deligne-Mumford stack, we must introduce punctures. (These punctures also
appear naturally in the superstring theory.) In fact, there are two kinds of punctures on a SUSY
curve.
One kind, the Neveu-Schwarz punctures, are entirely analogous to marked points on ordinary
Riemann surfaces, and their moduli are straightforward to understand. In particular, such a punc-
ture is equivalent to marking a point on the curve, and the moduli space M0,nNS of SUSY curves of
genus g = 0 and nNS ≥ 3 Neveu-Schwarz punctures may be described just like in the classical case:
M0,nNS
∼= Conf(P1|1, nNS)/OSp(1|2,C),
where Conf(P1|1, nNS) denotes the configuration space of nNS distinct, labeled points on the complex
projective superspace P1|1 and OSp(1|2,C) stands for the orthosymplectic supergroup, which is the
group of automorphisms of P1|1 preserving the standard SUSY structure on it.
By contrast, the Ramond punctures are more subtle. To explain what these are (following
[Wit12]), first recall that e´tale locally on a SUSY curve (X,D) there are coordinates z, θ such that
D is generated by the vector field
D =
∂
∂θ
+ θ
∂
∂z
from which we compute that 12 [D,D] =
∂
∂z .
Now consider a subbundle D of the tangent bundle locally generated by the vector field
Dθ =
∂
∂θ
+ h(z)θ
∂
∂z
where h(z) is some degree nR polynomial. Then
1
2 [D,D] = h(z)
∂
∂z . Thus, Dθ is integrable along
h(z) = 0.
A SUSY curve with nR Ramond punctures is described by three pieces of data (X,D, R); where
X and D are as before with the exception that we now ask D to be integrable exactly along a
codimension (1|0)-subsupermanifold, i.e. a divisor R of degree nR. We call D the SUSY structure,
though note (X,D) is not a SUSY curve by our previous definition, as D is not everywhere non-
integrable. We say that the SUSY structure on X degenerates along R, whose components we
term Ramond punctures. Beware: a codimension (1|0) divisor on a supercurve is not determined
by merely specifying marked points.
The distribution generated by the vector field Dθ above is an example of a local description of
a SUSY structure on a SUSY curve with Ramond punctures.
Let us now describe the basic idea behind the construction of the moduli space of genus zero
curves with nR Ramond punctures, M0,nR .
It is useful to take the “dualized” definition of a SUSY structure: a rank (1|0) sub-bundle L
of the cotangent bundle meeting certain non-integrability conditions. We will2 call L the SUSY
line bundle. In [Wit12], Witten gives a complete characterization of a genus zero SUSY curve with
2not following any standard convention
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Ramond punctures over a point. Over Speck, any supercurve supporting a SUSY structure with
nR Ramond punctures is isomorphic to the weighted superprojective space WP
1|1(1, 1 | 1 − nR/2)
(henceforth WP) and that the SUSY line bundle is isomorphic to OWP(−2). A SUSY structure
on WP can then be specified by giving a global section of Hom(OWP(−2),Ω) ∼= Ω
1
WP
(2). This
assignment is unique up to an invertible factor.
We first extend the characterization in [Wit12] to families of SUSY curves over bosonic schemes
and then to families of SUSY curves over arbitrary superschemes. For the latter we use tools
from super deformation theory. The general results from super deformation theory relevant to our
moduli problem are found Section 3.1.3.
Globalizing the facts that (1) a genus zero SUSY curve over a point is WP and (2) WP has no
even deformations, we show:
Theorem 1.1 (Theorem 5.6). Given a family of genus zero SUSY curves over a bosonic base, the
underlying family of supercurves is e´tale locally trivial.
We explicitly compute the global sections of H0(WP,Ω1
WP
(2) and prove that the SUSY structures
on WP are the quotient of an open subscheme Yb (described in Section 5.5.2) of H
0(WP,Ω1
WP
(2) by
the invertible functions H0(O∗
WP
). We show:
Theorem 1.2 (Theorem 5.17). The moduli space of SUSY structure (Definition 5.16) on WP is
represented by the algebraic space
Yb/Gm
of dimension nR + 1, where Gm acts on Yb by its identification with H
0(O∗
WP
).
Any family of supercurves X/T underlying a genus zero SUSY curve Σ with nR ≥ 4 Ramond
punctures is e´tale locally isomorphic to WP × Tb. We add to Σ the data of such an isomorphism,
and prove that:
Theorem 1.3 (Theorem 5.18). The bosonic moduli space (M0,nR)b underlying M0,nR is represented
by the Deligne-Mumford stack
[(Yb/Gm)/Aut(WP)b]
of dimension nR − 3, where Aut(WP)b denotes the bosonic reduction of the supergroup scheme
Aut(WP)
The supergroup scheme Aut(WP) is described in Section 4.4.1.
In Section 4.1, we study the first order deformation theory of genus zero supercurves, showing in
particular that they are not (in general) rigid. This is quite in contrast to their bosonic counterpart
P1 as well as to the projective superspace P1|1 (the supercurve underlying a SUSY curve when
nR = 0). Later in Section 5.4, we prove that WP has a universal deformation space (Theorem
5.20), denoted by S, and give an explicit construction of the universal deformation, denoted by Z,
of WP, in two ways. The first way: Z is glued from two copies of A
1|1
S , using the (constant in S)
4
z → 1/w gluing for the even coordinate and a (varying in S) gluing for the odd coordinate (50).
The second way: Z is a hypersurface given by an explicit equation inside P1 × A0|nR/2 (Lemma
5.21).
The space S is an affine space of dimension (0|nR/2 − 2), matching the odd (at this point,
expected) dimension of M0,nR . This suggests to construct M0,nR using a bundle with purely even
fibers over S. We have already parameterized the supercurves; it remains to parameterize the
SUSY structures on them.
We show (Corollary 5.8) that any SUSY line bundle on WP× Tb admits a unique deformation
to a line bundle over the original family over T . From the gluing description of Z, we see that the
usual description of the line bundle O(n) (transition function zn over the overlap of charts) can still
be used to define a line bundle over Z, which we denote OZ(n). From the second description, we
see that Z is projective, i.e., it is equal to Proj of a superalgebra. In particular, it follows from the
first description that a SUSY line bundle for Z must be isomorphic to our aforementioned OZ(−2).
Thus the SUSY structures on Z/S are the quotient of an open subscheme Y (described in Section
5.5.2) of H0(Z,ΩZ/S ⊗ OZ(2)) by the invertible functions H
0(Z,O∗Z ). We explicitly compute the
above space of global sections in Section 5.5.1, using our defining Cˇech cover of Z, and summarize
this result in Theorem 5.27 below.
Theorem 1.4 (Theorem 5.27). The moduli space (Definition 5.26) of SUSY structures on the
universal deformation Z of WP is represented by the algebraic superspace over S,
[Y/Gm × (G
0|1
a )
nR/2 × S]
of relative dimension (nR + 1|nR/2 + 2) over S and where Gm × (G
0|1
a )nR/2 × S acts on Y by its
identification with H0(z,O∗Z)
The supergroup Gm × (G
0|1
a )nR/2 is described in Section 4.4.1.
We denote by E the base change to Yb of the universal object (some stacky SUSY curve) over
(M0,nR)b. In Section 5.7 we give an explicit description of the deformation space of E (Theorem
5.29) as an algebraic superspace of dimension (nR − 3|nR/2− 2).
We also give (after base change to Y ) an explicit description of the universal deformation for
E as the supercurve Z ×S Y with SUSY structure generated by the global section ̟z (see (59)) of
H0(Ω1Z×SY/Y (2)).
To any given family of SUSY curves Σ over T the data we add (after e´tale base change) the data
of the following isomorphisms: The first is an isomorphism between Σ ×T Tb and E. The second
is an isomorphism (of deformations) between X/T and Z ×S,f T , where f : T → S is the unique
morphism described in Theorem 5.20. We then prove the main result of the paper:
Theorem 1.5 (Theorem 5.30). The Deligne-Mumford superstack M0,nR may be expressed as the
quotient superstack
[DefE/Z/2Z]
5
of dimension (nR−3|nR/2−2), where Z/2Z is the subgroup of Aut(WP) generated by the canonical
automorphism Γ.
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2 Notation and Conventions
All superalgebras will be over an algebraically closed field k of characteristic zero. All superschemes
will be assumed to be over Speck, unless otherwise specified. If X is a super “object”, we will use
Xbos or, Xb to denote its underlying bosonic space. We will also assume that all superschemes are
Noetherian, and locally of finite type.
3 Algebraic Supergeometry
In this section we will give an account of algebraic supergeometry with a focus on those theorems and
definitions that are relevant to the moduli problem of genus zero super Riemann surfaces (SUSY
curves) with Ramond punctures. Our definitions regarding superschemes and their morphisms
follow those given in [BR19]. For the various definitions involving superstacks we follow [AG+13],
as well as [Alp15]. Our definitions regarding Krull superdimension and regularity follow [MZ20].
3.1 Superschemes
A superscheme may be thought of as a generalization of a scheme to include anti-commuting
coordinates by defining a topological space X to have a structure sheaf of Z2-graded algebras. The
majority of the classical definitions from scheme theory carry over to the super setting without
any added difficulty. We, therefore, focus primarily on the concepts in superscheme theory that
are unique to supergeometry. Virtually all new concepts in supergeometry are concerned with
connecting their geometry to that of their underlying bosonic schemes. We assume that the reader
is familiar with the basic definitions regarding superalgebras. We recommend [Var04] and [CCF11]
for an introduction to the subject.
Definition 3.1. (Superspace). A superspace is a locally superringed space (X,OX ), i,e there is a
Z2-grading on the structure sheaf OX
OX = O
+
X ⊕O
−
X ,
where O+X (resp. O
+
X−) is called the sheaf of even (resp. odd) functions, making the structure
sheaf a sheaf of supercommutative rings such that the stalks are local rings.
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We will refer to the ideal generated by O−X in OX as the ideal sheaf of odd nilpotents and denote
it by JX , or simply J . The space (X,OX/J ) is an ordinary space denoted by Xbos, or sometimes
Xb, and is referred to as the bosonic truncation of X. The surjection OX → OX/J induced a
closed immersion of i : Xb →֒ X. If the closed immersion i has a section j : X → Xb, then we say
that X is projected. To any superspace X corresponds a superspace GrX, called the associated
graded of X having the same topological space as X but with a Z× Z2 graded structure sheaf
OGrX =
⊕
i≥0
OX [i]
where OX [0] = OX/J and OX [i] = J
i/J i+1 and such that OGrX is generated by OX [1] over
OX [0] = OXb . A superspace X isomorphic to its associated graded GrX is called split.
Definition 3.2 (Superscheme). A superscheme (X,OX ) is a superspace (X,OX ) such that O
−
X is
a quasi-coherent sheaf of O+X -modules. A morphism of superschemes f : (X,OX ) → (Y,OY ) is a
continuous map f : X → Y of topological spaces such that the induced map f# : OY → f∗OX is
a morphism of sheaves of Z2-graded rings, i.e., it preserves the Z2-grading, and it induces a local
morphism between the stalks.
Remark 3.3. The quasi-coherence condition comes from the characterization of complex super-
spaces (see [Vai90], Proposition 1.1.3) as superspaces for which O−X is a coherent sheaf of O
+
X -
modules. Note, that we only require O−X to be quasi-coherent. We will call a superscheme Noethe-
rian if the scheme (X,O+X ) is Noetherian and O
−
X is a coherent sheaf of O
+
X -modules.
Example 3.4 (Affine Superscheme). For a supercommutative ring R, the standard construction
of an affine scheme generalizes easily to give an affine superscheme SpecR, see [Lei83, Man88,
CCF11].
The basic examples of superschemes are super affine space and super projective space are defined
below. In addition, we will define weighted super projective space, as this space will play a central
role in the moduli problem.
Example 3.5 (Affine Superspace). Given a super vector space V of dimensionm|n over the ground
field k, we define the corresponding affine superspace as
V = SpecS(V ∗),
where V ∗ stands for the dual super vector space and S denotes the supersymmetric algebra. The
standard affine (m|n)-superspace is the affine superspace associated with the vector superspace
V = km|n. If we choose coordinates x1, . . . , xm, θ1, . . . , θn ∈ V
∗ on V , then
A
m|n := Speck[x1, · · · , xm, θ1, · · · , θn].
The bosonic truncation of Am|n is the affine space Am. The super affine space is split and may be
regarded as a super ringification of its bosonic truncation, the affine space Am, with a structure
sheaf
O
Am|n
= S(ΠOnAm),
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where Π denotes the parity change operation, which shifts the grading by 1 modulo 2. The super-
symmetric algebra of a purely odd linear object, in this case the sheaf ΠOn
Am
of OAm-modules, is
well-known as the exterior (Grassmann) algebra of the corresponding purely even object:
S(ΠOn
Am
) =
∧
(On
Am
).
We will avoid using the exterior algebra, because its natural extension to the super world is super
anticommutative rather than supercommutative.
Example 3.6 (Super Projective Space). Given a super vector space V of dimension m + 1|nq,
the (m|n)-dimensional super projective space P(V ) may be defined as the superspace of lines, i.e.,
(1—0)-dimensional vector subspaces of V . More technically, P(V ) is the superscheme representing
the functor of points that assigns a superscheme T the set of supplemented (1—0)-line subbundles
of the trivial super vector bundle T × V over T . One may also think of P(V ) as the quotient
P(V ) = (V \ {0})/Gm
of the super affine space V with deleted origin by the multiplicative group Gm = GL(1) acting on
V \ {0} by dilations. Finally, the construction of a projective spectrum generalizes to the super
case, and one may identify
P(V ) := ProjS(V ∗),
where the algebra S(V ∗) is Z ⊕ Z2-graded with the Z-grading coming from the symmetric power
and the Z2-grading coming from the Z2-grading in V
∗. It turns out the super projective space
over k is isomorphic to a split superscheme defined by the ordinary projective space P(V +) and
structure sheaf
OP(V ) ∼= S((V
−)∗ ⊗OP(V +)(−1)),
see [Man88, Proposition 4.3.5]. If V = km+1|n with coordinates x0, . . . , xm, θ1, . . . , θn, then
P
m|n := Projk[x0, · · · , xm, θ1, · · · , θn],
where all the generators have degree one in the Z-grading.
Example 3.7 (Weighted Projective Superspace). Given a weight vector (a0, . . . , am |α1, . . . , αn) ∈
Zm+1|n with ai > 0, i = 0, . . . ,m, the weighted super projective space WP
m|n(a0, . . . , am |α1, . . . , αn)
is defined as
WP
m|n(a0, . . . , am |α1, . . . , αn) := Projk[x0, · · · , xm, θ1, · · · , θn],
where the Z-grading on the polynomial superalgebra k[x0, · · · , xm, θ1, · · · , θn] is defined by declaring
the degree of xi to be ai and the degree of θj to be αj for all i and j. One may also identify the
weighted super projective space as the quotient
(Am+1|n \ {0})/Gm,
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where the multiplicative group acts on the super affine space according to the given weights:
g(x0, . . . , xm | θ1, . . . , θn) = (g
a0x0, . . . , g
amxm | g
α1θ1, . . . , g
αnθn).
We will be interested in particular in the weighted super projective space WP1|1(1, 1 |m) for m ∈ Z,
in which case it is also split and isomorphic to the ordinary projective line P1 equipped with the
structure sheaf
O
WP1|1(1,1 |m) = S (ΠOP1(−m)) .
3.1.1 Krull Superdimension and Regularity
There is some subtlety in defining the Krull dimension of a superalgebra. Ordinarily, the Krull
dimension of a ring R is defined to be the maximum length of all chains of prime ideals in R. For a
superalgebra R = R0⊕R1, the ideal of odd nilpotent J is contained in every prime ideal and thus
KdimR = KdimR0.
In [MZ20], the notion of Krull dimension is extended to superalgebras as follows: First, take any
generators y1, . . . , ys of R1 and define y1, . . . , ys to form a sytem of odd parameters for R if there
exists a longest chain of prime ideals
p0 ⊆ · · · ⊆ pn
in R0 such that AnnR0(y
s) ⊆ p0 ⊆ p0, where y
s denotes the sum of all products of the yi.
Definition 3.8 (Krull Superdimension). The Krull superdimension of a superring R is defined as
KdimR = r|s
where r = KdimR0 and s is the cardinality of a system of odd parameters for R.
Remark 3.9. If X = SpecA is an affine superscheme, then dimX := KdimA.
The definition of a Noetherian, regular local, superring can now be defined exactly as in the
classical setting.
Definition 3.10 (Regular Superring). A local Noetherian superring (A,m) is regular if KdimA =
dimkm/m
2. Here
m/m2 =
(
m0/m
2
0 +A
2
1
)
⊕ (A1/m0A1)
is seen to be a finite-dimensional super vector space over k.
Definition 3.11. A locally Noetherian superscheme X is regular at a point x ∈ X if OX,x is a
regular local rings, i.e KdimOX,x = dimkmx/m
2
x. Otherwise, we say that X is singular at x ∈ X.
9
3.1.2 Smooth and E´tale Morphisms
Definition 3.12 (Smooth Morphism). A morphism f : X → Y of superschemes is smooth at
x ∈ X if the following hold:
(a) f is of finite type at x.
(b) f is flat at x.
(c) If y = f(x), then Xy = X ×Y Spec k(y) is regular at x.
We say that f is smooth of relative dimension m|n if f is smooth and for each y = f(x),
dimk(y)Xy = (m,n).
Definition 3.13 (Etale Morphism). A smooth morphism f : X → Y of superschemes is e´tale if
for every y = f(x), dimk(y)Xy = (0, 0). We say that f : X → Y is an e´tale covering of Y if f is
also surjective.
Definition 3.14 (Etale topology). The e´tale topology on SupSch is the Grothendieck topology on
SupSch whose coverings are surjective e´tale morphisms.
3.1.3 Deformation Theory for Superschemes
In this section, we generalize classical results from deformation theory to smooth superschemes and
vector bundles. The theorems in this section are all straightforward generalizations to supergeome-
try of classical theorems in deformation theory, and we, do not provide any proofs. We recommend
[Vai90, MZ19] for further reading on deformation theory for complex superanalytic space.
Let A be a Noetherian superalgebra over k. A square zero extension of A is a surjection A′ → A
with A′ ∈ (Noethk) and with a square-zero kernel I ⊆ A
′. We can picture this as the exact sequence
of k-superalgebras
0 −→ I −→ A′ −→ A −→ 0.
Remark 3.15. Here I is naturally a finite A-module: if a ∈ A and i ∈ I, we take an element
a′ ∈ A′ in the pre-image of a and define a · i = a′i ∈ I. Suppose a′′ ∈ A′ is another element in the
pre-image of a so that a′ − a′′ ∈ I, then
(a′ − a′′)i = 0
because I2 = (0), and so a′i = a′′i. and therefore the A-module structure on I is well-defined.
Infinitesimal Deformations of Smooth Superschemes. Let X be a superscheme over SpecA with
and let A′ be a square-zero extension of A. We call a triple (X , π, i) represented by the cartesian
diagram
η :
X X
Speck SpecA
i
pi
10
with π flat and surjective and a i a closed immersion induced by an isomorphism φ : X×ASpeck
∼
−→
X, an infinitesimal deformation of X over SpecA′. An isomorphism
(X , π, i)
∼
−→ (X ′, π′, i′)
of infinitesimal deformations of X over SpecA′ is an isomorphism f : X → X ′ of superschemes over
SpecA′ such that φ′ ◦ f |Speck ◦ φ
−1 = idX . We say that a deformation X of X is trivial if X is
isomorphic to the trivial deformation X ×k SpecA.
Remark 3.16. The A-supermodule I = ker(A′ → A) can be factored into a composition of square-
zero extensions A′ = A0 → · · · → An = A such that Ij = ker(Aj → Aj+1) is a Aj+1-supermodule
of rank (1|0) or rank (0|1). We call a square-zero extension with kernel of rank (1|0) (resp. rank
(0|1)) an even tiny extension (resp. an odd tiny extension).
Theorem 3.17. Any deformation of a smooth affine superscheme is isomorphic to the trivial
deformation.
We omit the proof of Theorem 3.17 because it follows exactly as in the classical case (e.g
Theorem 1.2.4 in [Ser07]).
Theorem 3.18 (Deformations of Smooth Superschemes). Let i : A′ → A be a square-zero extension
with I = ker(A′ → A) and let X0 be a smooth superscheme over SpecA. Then, there is an
obstruction
o(X0, i) ∈ H
2(X0, f
∗
0 I ⊗ TX0/A)
(where f0 : X0 → SpecA and where TX0/A denotes the relative tangent sheaf of X0 over SpecA)
whose vanishing is necessary and sufficient for the existence of a deformation X of X0 over SpecA
′.
When the obstruction vanishes, the set of isomorphism classes of such deformations is a torsor for
H1(X0, f
∗
0 I ⊗ TX0/A). The automorphism group of any fixed deformation X of X0 over SpecA
′ is
isomorphic to H0(X0, f
∗
0 I ⊗ TX0/A).
We omit the proof of Theorem 3.18, which goes exactly as in the classical case (e.g., Theorem
8.5.9(b) in [FGI05]).
Deformations of Vector Bundles. We will also need the notion of a deformation of a vector
bundle on X. Let X0 be a smooth superscheme over SpecA, E0 be a vector bundle on X0, and let
(X,π, i) be a deformation of X0 over SpecA
′. A deformation of a vector bundle E0 over X is is
a pair (E, j) where E is a vector bundle on X and j is an OX-linear map E → i∗E0 inducing an
isomorphism i∗E
∼
−→ E0.
Theorem 3.19 (Deformations of Vector Bundles). Let i : A′ → A be a square-zero extension with
I = ker(A′ → A) and let X0 be a smooth superscheme over SpecA. Let E0 be a vector bundle on
X0 and let (X,π, i) denote a deformation of X0 over SpecA
′. There is an obstruction
o(E0, i) ∈ H
2(X0, f
∗
0 I ⊗ End(E0))
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whose vanishing is necessary and sufficient for the existence of a deformation E of E0 over X.
When the obstruction vanishes, the set of deformations of E0 over X is a torsor for H
1(X0, f
∗
0 I ⊗
End(E0)) and the group of automorphisms of a given deformation E is identified by a 7→ a − Id
with H0(X0, End(E0)⊗ f
∗
0 I).
We omit the proof of Theorem 3.19 because it follow exactly as in the classical case (e.g Theo-
rem 8.5.3(b) in [FGI05]).
Vector Bundle Map Extension. Let (X,π, i) be a deformation of X0 and let E and F be vector
bundles on X such that iE = E0 and i
∗F = F0. We call an OX-linear map u : E → F restricting
to an OX0 -linear map u0 : E0 → F0 an extension of u0.
Theorem 3.20 (Extensions of Vector Bundle Maps). Let i : A′ → A be a square-zero extension
with I = ker(A′ → A) and let X0 be a smooth superscheme over SpecA. Let E and F be vector
bundles on X such that i∗ = E0, i
∗F = F0, and u0 : E0 → F0 and OX0-linear map. There is an
obstruction
o(u0, i) ∈ H
1(X0, f
∗
0 I ⊗Hom(E0, F0))
to the existence of an OX -linear map u : E → F extending u0. When the obstruction vanishes, the
set of u extending u0 is a torsor for H
0(X0, f
∗
0 I ⊗Hom(E0, F0)).
We omit the proof of Theorem 3.20 because it follow exactly as in the classical case (e.g Theorem
8.5.3(a) in [FGI05]).
4 SUSY Curves
SUSY curves, or super Riemann surfaces, were first introduced by string theorists to describe
superstring worlsheets. They have since become interesting mathematical objects in their own
right. In this section, we begin by defining supercurves and give a classification of genus zero
supercurves. The remainder of the section is dedicated to discussing SUSY curves, and their
punctures. In the last sections, we focus on genus zero SUSY curves with Ramond punctures and
discuss their automorphisms.
4.1 Supercurves
In this section we provide some basic results and definitions regarding supercurves. We will also
show in Lemma 4.4 that genus zero (1|1)-supercurves are quite distinct from their ordinary coun-
terpart, the projective line, as they are not all isomorphic and, furthermore, are not rigid, i.e., have
nontrivial moduli.
Definition 4.1 (Super Curve). A smooth superscheme is a superscheme X of finite type over k
such that X → Spec k is a smooth morphism of superschemes. If dimX = (1|N), we say that X is
a (1|N)-supercurve. The genus of a supercurve X is equal to the genus of Xb.
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Remark 4.2. Even though the underlying superschemes of SUSY curves are supercurves, the
literature on supercurves is somewhat sparse. This is in part due to supercurves not possessing some
of the standard features of classical curves, e.g on supercurves there does not exist a correspondence
between points and divisors unless that supercurve is equipped with a SUSY structure, i.e unless
that supercurve is given the structure of a SUSY curve.
It is a standard result in classical algebraic geometry that a smooth scheme is e´tale locally a
subscheme of affine space. The same result holds for smooth superschemes,
Lemma 4.3 ([KV04], Proposition 1.2.3). Let X → Y be a smooth morphism and let y ∈ Y be a
closed point of Y and let x ∈ Xy be in the fiber over y such that Kdimk(y)OXy ,x = (m|n). Then
there exists a Zariski open subset U ⊂ X containing x and an e´tale morphism of Y -superschemes
φ : U → A
m|n
Y .
The utility of the above lemma will become apparent in Lemma 4.6 in which a SUSY structure
is described explicitly in (e´tale) local coordinates.
Lemma 4.4. Let X be a genus zero (1|1)-supercurve. Then there exists m ∈ Z and an isomorphism
X
∼
−→ WP1|1(1, 1 |m).
Proof. Since dimX = (1|1), we must have that O−X is a rank 1-sheaf of O
+
X-modules and thus
generated by a single odd term θ. Since θ2 = 0, we must have that (O−X)
2 = 0, and thus J = O−X .
Furthermore, the fact that (O−X)
2 vanishes implies that O+X = OXb . Therefore, OX = OXb ⊕ J ,
and X is split. Since X is split there exists a line bundle L on Xb such that OX ∼= S(ΠL
∨). Since
Xb is isomorphic to P
1 for any such line bundle L there exists an integer m such that L ∼= OP1(m).
Therefore, for any genus zero (1|1)-supercurve there exists an integer m such that OX is isomorphic
to SΠOP1(−m) which implies that X is isomorphic to WP
1|1(1, 1 |m).
Further setting apart genus zero (1|1)-supercurves from the projective line is the fact that there
exists integers m for which WP1|1(1, 1 |m) is not rigid. In fact, a Cech cohomology computation
shows that
dimH1(T WP1|1(1, 1 |m)) =


0| −m− 1 for m < 1
0|0 for 0 ≤ m ≤ 3
0|m− 3 for m > 3.
(1)
The above computation for m = 1 − nR/2 will play a critical role in our construction of the
moduli space of genus zero SUSY curves with Ramond punctures. Indeed, plugging in 1 − nR/2
into (1), shows that the dimension of H1(T WP1|1(1, 1 | 1 − nR/2)) is equal to 0|nR/2− 2, which is
exactly the odd dimension of M0,nR . In particular, we find that the somewhat mysterious nR/2−2
odd moduli of M0,nR were hidden within the supermoduli theory of genus zero supercurves!
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4.2 SUSY Curves
In this section we review the basics of super Riemann surface (SUSY curves) theory. Our main
sources are [FK14, Wit12, Del].
Definition 4.5 (SUSY Curve). A genus g SUSY curve (X/S,D) is the data of a smooth, proper
morphism π : X → S of superschemes of relative dimension (1|1) together with a rank (0|1) sub-
bundle D ⊂ TX/S, called a SUSY structure on X, which is as non-integrable as possible. An
isomorphism of SUSY curves is an isomorphism f : X
∼
−→ X ′ of superschemes over T preserving
the SUSY structure, i.e f∗D′ = D and where the genus g is equal to the genus of Xb.
Notation and Convention. We will write (X,D) for a genus g SUSY curve over Speck.
The maximal non-integrability condition on the SUSY structure D is expressed by identifying
TX/S/D with D
⊗2 via the supercommutator
D1 ⊗D2 7→
1
2
[D1,D2]. (2)
We can dualize D ⊂ TX/S as
Ω1X/S → D
∨ (3)
and, the isomorphism TX/S/D ∼= D
⊗2 dualizes to the SES,
0 −→ (D∨)⊗2 −→ Ω1X/S −→ D
∨ −→ 0 (4)
and, thereby, to an isomorphism Ber(Ω1X/S)
∼= D∨ and a surjective morphism
δ : ΩX/S → ωX/S := Ber(Ω
1
X/S) (5)
which gives a derivation δ : OX → ωX/S .
4.2.1 Local Structure
It is useful to describe the SUSY structure on a SUSY curve (X,D) explicitly in e´tale local coordi-
nates. A standard example of a SUSY structure on A
1|1
k
is the sub-bundle of TX generated by the
odd vector field
Dθ =
∂
∂θ
+ θ
∂
∂z
(6)
where
D2θ =
1
2
[Dθ,Dθ] =
∂
∂z
. (7)
In some sense, we may, in view of 7, think of a SUSY structure D as a square root of the derivative.
Using Lemma 4.3, it turns out that we can always pick coordinates on A
1|1
k
such that any SUSY
structure on A
1|1
k
is generated by the vector field in 6.
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Lemma 4.6 ([FK14], Lemma 4.4). Let (X,D) be a SUSY curve and let p be a closed point of Xb.
3 Then there exists an (e´tale) open subset U ∋ p and a coordinate system W = (z, θ) on U , such
that D|U is generated by the odd vector field
Dθ =
∂
∂θ
+ θ
∂
∂z
. (8)
Moreover, up to SUSY isomorphism, there is a unique SUSY structure on A1|1, namely the one
generated by the odd vector field Dθ.
4.2.2 SUSY Curves as Spin Curves
The data describing a family of SUSY curves parameterized over an ordinary scheme— as opposed
to over a superscheme—is equivalent to the data describing a family of spin curves parameterized
over the same scheme. The theory of spin curves and their moduli have been widely studied (e.g
[Jar00, AJ03, Jar98, Cor89]) and is, therefore, helpful in developing intuition for the geometry of
SUSY curves.
Spin Curves. A genus g spin curve over a scheme T is the data (C → T,L, c) with
(a) C → T a curve of genus g,
(b) a line bundle L on C, and
(c) an isomorphism c : L⊗2
∼
−→ Ω1C .
Theorem 4.7. Let (X/T,D) be a genus g SUSY curve over T . Then,
(a) X is split.
(b) (Ω1X/T )b
∼= Ω1Xb/T ⊕J , and
(c) there exist isomorphisms of OXb-modules,
f :
(
D∨b
)⊗2 ∼
−→ Ω1Xb/T
and
g : J
∼
−→ D∨b .
In particular, (Xb/T,D
∨
b , f) is a spin curve over T .
Remark 4.8. The converse to Theorem 4.7— i.e that any spin curve gives rise to a SUSY curve—
is also true ([FK14], Corollary 4.9).
3A closed point p ∈ Xb is the image of a morphism Speck → X of superschemes.
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Proof of Theorem 4.7. Since dimX = 1|1, we must have that O−X is a rank 1 sheaf of O
+
X-modules
and thus generated by a single odd term, say θ. Since θ2 = 0, we must have that (O−X)
2 = 0.
Recall, that
J = O−X ⊕ (O
−
X)
2
and so, from the above conclusion, we have that J = O−X . Furthermore, since (O
−
X)
2 = 0, we have
that O+X = OXb . Thus OX = OXb ⊕ J and thus equal to OGrX and, therefore, split.
To prove part b, recall that the surjection OX → OX/J induces a closed immersion Xb →֒ X.
Since X is smooth, we have a short exact sequence of OXb-modules.
0→ J /J 2 → Ω1X/T ⊗OX OX/J → Ω
1
Xb/T
→ 0. (9)
Let us denote Ω1X/T ⊗OX OX/J as (Ω
1
X/T )b and its Z2-grading as
(Ω1X/T )b = (Ω
1
X/T )
+
b ⊕ (Ω
1
X/T )
−
b .
Since J2 = 0, we rewrite the 9 as
0→ J → (Ω1X/T )
+
b ⊕ (Ω
1
X/T )
−
b → Ω
1
Xb/T
→ 0. (10)
The OXb-modules J and (Ω
1
X/T )
−
b are of rank 0|1, and (Ω
1
X/T )
+
b is of rank 1|0. The maps in the
above sequence must preserve the Z2-grading on the modules and, therefore,
(Ω1X/T )b = Ω
1
Xb/T
⊕ J (11)
Since X is smooth, Ω1X/T is locally free of rank 1|1 we also have that (TX/T )b = TXb/T ⊕ (J )
∗.
To prove part (c), tensor the short exact sequence
0 −→ (D∨)⊗2 −→ Ω1X/T −→ D
∨ −→ 0 (12)
with the sheaf of OX -modules OX/J . Since OX/J is projective, tensoring with it will preserve
exactness, resulting in short exact sequence of OXb-modules,
0 −→ (D∨b )
⊗2 −→ Ω1Xb/T ⊕ J −→ D
∨
b −→ 0. (13)
As OXb-modules, (D
∨
b )
⊗2 has rank 1|0, J has rank 0|1, and D∨b has rank 0|1. As before, the
maps in 13 must respect the Z2 grading. Therefore, there exist isomorphisms g : J
∼
−→ D∨b and
f : (D∨b )
⊗2 ∼−→ Ω1Xb/T .
4.3 Punctured SUSY Curves
In this section we will shift our attention to punctured SUSY Curves. There are two distinct
types of punctures considered on SUSY curves, called Ramond and Neveu-Schwarz (NS) punctures.
The necessity for considering two distinct types of punctures is seen already in M. Cornalba’s
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construction of the moduli space of stable spin curves ([Cor89]). In his construction, the NS
punctures are analogous to the marked points we see in the compactification of Mg, i.e they are
there to ”mark” the point on the normalization of a nodal curve corresponding to the node. The
Ramond punctures, on the other hand, are entirely unique to the moduli of stable spin curves
and, roughly, correspond to the ramification points in the projection p : SMg →Mg, where SMg
denotes the moduli space of stable spin curves.
Definition 4.9 (Punctured SUSY Curves). A genus g SUSY curve (X/S,N,D, R) with nNS Neveu-
Schwarz (NS) and nR Ramond punctures is a smooth, proper morphism π : X → S of relative
dimension (1|1), together with the data of: nNS sections N = Ni : S → X (each Ni called a NS
puncture), a closed subscheme R = R1⊔· · ·⊔RnR proper, flat, and unramified over S of codimension
(1|0) (each Ri is called a Ramond puncture and R is called the Ramond divisor), and a rank-(0|1)
subbundle D ⊂ TX/S such that
[ , ] : D ⊗D
∼
−→ TX/S/D(−R).
where [ , ] denotes the supercommutator.
As is the case with unpunctured SUSY curves, we can dualize D ⊂ TX/S as
Ω1X/S → D
∨(R) (14)
and, the isomorphism TX/S/D ∼= D
⊗2(R) dualizes to the SES,
0 −→ (D∨)⊗2 −→ Ω1X/S −→ D
∨(R) −→ 0. (15)
From which we find that
Ber(Ω1X/S)
∼= D ⊗D−2(−R) ∼= D−1(−R).
This gives a surjection δ : Ω1X/S → Ber(Ω
1
X/S)(R) which we can use to give an equivalent
characterization of a SUSY structure on X as a rank (1|0)-subbundle L of Ω1X/T such that L is the
kernel of a derivation
δ : OX → Ber(Ω
1
X/S)(R) (16)
such that δf = Df · [dz/dθ] where D = ∂θ + p(z)θ∂z
Remark 4.10. A super Riemann surface with Ramond punctures is not an honest super Riemann
surface because it fails to meet the definition that the supercommutator identifies D⊗2 with TX/S/D.
Similarly, the Ramond punctures Ri are not punctures, but rather codimension (1, 0) divisors.
Remark 4.11. Given a complex (1|1) supermanifold X, there exists a one-to-one correspondence
between punctures on X and codimension (1|0) divisors on X if and only if X admits a SUSY
structure. Thus, calling Ramond punctures—punctures—is also a bit of a misnomer.
Notation and Convention. From now on we will take a punctured SUSY curve to mean a SUSY
curve with Ramond punctures since NS punctures do not play a role in our moduli problem and
are, moreover, already well-understood.
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4.3.1 Local Description
Lemma 4.12 ([Wit12], Section 5.1.4). Let (X,D, R) be a punctured SUSY curve and let p be a
closed point of Xb. Then there exists (e´tale) locally an open subset U ∋ p and a coordinate system
W = (z, θ) on U such that D|U is generated by the odd vector field
Dθ =
∂
∂θ
+ p(z)θ
∂
∂z
(17)
where p(z) = ΠnRi=1(z − zi). Moreover, up to SUSY-isomorphism, there is a unique SUSY structure
on A1|1, namely the one generated by the odd vector field Dθ.
Remark 4.13. From the dualized perspective, L is locally generated by the even form
dz + p(z)θdθ (18)
where p(z) = ΠnRi=1(z − zi).
4.3.2 Punctured SUSY Curves as Pointed Spin Curves
As in the case of unpunctured SUSY curves, there exists a useful relationship between families of
punctured SUSY curves over ordinary schemes and families of pointed spin curves over the same
base scheme.
n-Pointed Spin Curves. A n-pointed twisted spin curve of genus g over a scheme S is the data
(C → S, si,L, c) with
(a) (C → S, si : S → C) is a n-pointed curve of genus g,
(b) a line bundle L on C, and
(c) an isomorphism c : L⊗2
∼
−→ Ω1C/S(
∑n
i=1 Si), where the Si are the images of the si in C.
Theorem 4.14. Let (X,D, R) be a genus g, nR-punctured SUSY curve. Then,
(a) X is split.
(b) (Ω1X)b
∼= Ω1Xb ⊕ J .
(c) There exist isomorphisms of OXb-modules,
f :
(
D∨b
)⊗2 ∼
−→ Ω1Xb(R) (19)
g : J
∼
−→ D∨
In particular, (Xb/T,Rb, (D
∨
b ), f) is a nR-pointed spin curve.
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Proof. The proofs of part (a) and (b) are identical to the ones gives in Theorem 4.7. For part
(c), the proof is identical except for that our short exact sequence of OXb-module must reflect the
Ramond punctures, i.e
0 −→ (D∨b )
⊗2(−Rb) −→ Ω
1
Xb/T
⊕ J −→ D∨b −→ 0. (20)
Corollary 4.15. The number of Ramond punctures nR is always even.
Proof. Since Xb ∼= P
1 and O(Rb) ∼= OP1(nR) we can use Theorem 4.14 to find an isomorphism
(D∨b )
⊗2 ∼−→ O(2− nR).
Thus, 2 must divide the degree nR of the Ramond divisor Rb.
4.4 Weighted Projective Superspace WP1|1(1, 1 | 1− nR/2)
It was already known to E. Witten in [Wit12] that the superscheme underlying a genus zero SUSY
curve with nR Ramond punctures over Speck is isomorphic to WP
1|1(1, 1 | 1−nR/2). The weighted
projective superspace WP1|1(1, 1 | 1 − nR/2) will, therefore, play a central role in our moduli prob-
lem. We encourage the reader to read this section alongside Section 5.
Gluing Construction. We refer the reader to Example 3.7 for the definition of weighted projec-
tive superspace. Another way to understand WP1|1(1, 1 | 1 − nR/2) is via its gluing construction.
Analogous to ordinary projective space, we can construct WP1|1(1, 1 | 1 − nR/2) by choosing the
covering U = {U ∼= Spec k[z, ζ], V ∼=∼= Speck[w,χ]} where U is the subset on which u 6= 0 and V
is the subset on which v 6= 0 such that
φu : WP
1|1(1, 1 | 1 − nR/2)|U
∼
−→ Speck[z, ζ] (21)
v/u 7→ z
θunR/2−1 7→ ζ
and
φv : WP
1|1(1, 1 | 1 − nR/2)|V
∼
−→ Speck[w,χ] (22)
u/v 7→ w
θvnR/2−1 7→ χ
and restricting to an automorphism
φv ◦ φ
−1
u : Speck[z, ζ]
∼
−→ Speck[w,χ] (23)
z 7→ 1/w
ζ 7→ χw1−nR/2.
which we use to patch together WP1|1(1, 1 | 1 − nR/2) using the standard method of gluing.
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Lemma 4.16. The Picard group of WP1|1(1, 1 | 1 − nR/2) is isomorphic to WP
1|1(1, 1 | 1 − nR/2).
Proof. Consider the following long exact sequence on WP1|1(1, 1 | 1 − nR/2)
0 −→ H0(Z) −→ H0(O) −→ H0(O∗) −→ H1(Z) −→ H1(O) −→ H1(O∗) −→ H2(Z) −→ 0.
From an (omitted) Cˇech cohomology computation we find that H1(O) = 0, and thus H1(O∗) ∼=
Z
4.4.1 Automorphisms of WP1|1(1, 1 | 1 − nR/2)
Let S denote the Z-graded superalgebra k[u, v, θ] with Z-grading given by |u| = |v| = 1 and |θ| = 1
− n/2, so that ProjS is isomorphic to WP.
General Strategy. Our strategy for constructing the automorphism group Aut(WP) of WP is to
find a short exact sequence of group superschemes
1 −→ Γ∗ −→ Aut(S) −→ Aut(WP) −→ 1, (24)
where
Definition 4.17 (Γ∗). the group superscheme Γ∗ represents the functor
Γ∗ : SupSch→ Group, (25)
T 7→ Γ(O∗
WP×T ),
Definition 4.18 (Aut(S)). the group superscheme Aut(S) represents the functor
Aut(S) : SupSch→ Group, (26)
T 7→ AutR(S ⊗k R),
with R := Γ(T,OT ), and
Definition 4.19 (Aut(WP)). the group superscheme Aut(WP) represents the functor
Aut(WP) : SupSch→ Group (27)
T 7→ AutT (WP× T )
where AutT (WP× T ) is the group of automorphisms of WP× T over T .
Our next goal is to show that these functors are indeed representable.
Description of Aut(S). The set of T -points of Aut(S) consists of the automorphisms
u 7→ au+ bv + θ
n/2∑
i=0
αiu
n/2−ivi, a, b ∈ R+, αi ∈ R
−, (28)
v 7→ cu+ dv + θ
n/2∑
j=0
βju
n/2−jvj , a′, b′ ∈ R+, βj ∈ R
−,
θ 7→ eθ, e ∈ R∗,
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where R = Γ(T,OT ) and ad − bc 6= 0. It is immediate from the above description that, as a
set-valued functor, Aut(S) is represented by the distinguished open subset D(ad− bc) of the affine
super variety.
W = Speck[a, b, c, d, e, e−1 | α0, · · · , αn/2, β0, · · · , βn/2].
A Hopf superalgebra structure on D(ad − bc) can then be described explicitly by composition of
the automorphisms given in (28). It then immediately follows that
Lemma 4.20. The underlying superscheme of Aut(S) is isomorphic to W .
Description of Γ∗. Given a superscheme T with R := Γ(T,OT ), we may compute the group
Γ(O∗
WP×T ) explicitly using Cˇech cohomology, and describe its elements in local coordinates (z, ζ)
on U as
a0(1 + ζ
n/2−1∑
i=0
βiz
i) (29)
with a0 ∈ R
∗ and βi ∈ R
−. The multiplication on the T -points of Γ∗ is given by
a0(1 + θ
n/2−1∑
i=0
βiz
i) · a′0(1 + ζ
n/2−1∑
i=0
β′iz
i) = a0a
′
0(1 + ζ
n/2−1∑
i=0
(βi + β
′
i)z
i) (30)
with a0, a
′
0 ∈ R
∗ and βi, β
′
i ∈ R
−. It then immediately follows that
Lemma 4.21. The group superscheme Γ∗ is isomorphic to the group superscheme Gm × (G
0|1
a )n/2.
Proof. The multiplicative group Gm is standard, whereas the supergroup G
0|1
a , which is a group
superscheme, to be precise, may be described by its functor of points
SupSch→ Group,
T 7→ Γ(T,OT )
−,
with the group law given by addition. The underlying superscheme of G
0|1
a is just A
0 | 1
k . The lemma
then follows from the explicit description of Γ∗(T ) by Equations (29) and (30).
Furthermore, we find that
Lemma 4.22. Γ∗ is a normal group subsuperscheme of Aut(S).
Proof. We can describe the each element of the group Γ∗(T ) explicitly by
r0(1 + θ
n/2−1∑
i=0
βiv
iun/2−1−i) (31)
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with r0 ∈ R
∗ and βi ∈ R
−. and identify each such element with the automorphism in Aut(S ⊗R)
sending
u 7→ r0(u+ θ
n/2−1∑
i=0
βiv
iun/2−i) (32)
v 7→ r0(v + θ
n/2−1∑
i=0
βiv
i+1un/2−1−i)
θ 7→ r
1−n/2
0 θ.
The Superalgebra S and Line Bundles on WP. The superalgebra S is easily seen to be equal to the
Z-graded superalgebra
⊕
i≥0H
0(OWP(1−n/2+ i)). The superalgebra
⊕
i≥0H
0(OWP(1−n/2+ i))
is generated over the global sections of OWP by the global sections of OWP(1) and OWP(1−n/2). Let
T be a superscheme over Speck and R := Γ(T,OT ), denote WP× T by WPT and let p : WPT → T
be the canonical projection. The superscheme WPT is isomorphic to Proj of the superalgebra⊕
i≥0H
0(p∗OWP(1− n/2 + i)), where
⊕
i≥0H
0(p∗OWP(1− n/2 + i)) is equal to S ⊗R.
Description of Aut(WP)(T ). Let α be an automorphism of WPT over T and consider the diagram
WPT WPT WP
T Speck
α
pr2 pr2
pr1
pi
f
(33)
The line bundles on WPT are isomorphic to pr
∗
1OWP(m) ⊗ pr
∗
2L where L is a line bundle on the
base T (Lemma 4.16). Therefore, there exists an isomorphism
σ : α∗ pr∗1O(1)
∼
−→ pr∗1O(m)⊗ pr
∗
2 L (34)
Note that the isomorphism σ induces an isomorphism α∗ pr∗1O(1−n/2)
∼= pr∗1(O(m)⊗ pr
∗
2L)
1−n/2
by taking the (1 − n/2) tensor product of the line bundles in (34). Using standard methods (e.g.
[MFK94], Section 5), we find that m = 1. Let U = {Ui} denote a covering of T on which the line
bundle L in (34) trivializes. Then the automorphism α restricts to an automorphism αi of WPUi
over Ui. The automorphisms αi induce isomorphisms
σi : α
∗
i (pr1)
∗
iO(1)
∼
−→ (pr1)
∗
iO(1) (35)
σj : α
∗
j (pr1)
∗
jO(1)
∼
−→ (pr1)
∗
jO(1).
Using the description of S⊗R as the graded-superalgebra
⊕
i≥0H
0((pr1)
∗
iO(1−n/2+i)) generated
by the global section of (pr1)
∗
iO(1) and (pr1)
∗
iO(1− n/2), we see that the isomorphisms σi induce
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automorphisms of S ⊗Ri, where Ri = Γ(OUi). Therefore, the automorphisms of S ⊗R induced by
α correspond to the set of automorphisms
σij := (σj |Uij ◦ (σi)
−1|Uij : (pr1)
∗
ijO(1)
∼
−→ (pr1)
∗
jiO(1) (36)
satisfying the cocycle condition on Uijk. Since σij ∈ Γ(O
∗
Uij
) = Γ∗(Uij), the automorphisms of
S ⊗R induced by α form a Γ∗ × T -torsor. This gives a short exact sequence of group functors
1 −→ Γ∗(T ) −→ AutR(S ⊗R) −→ AutT (WP× T ) −→ 1 (37)
and the desired short exact sequence of their representing group superschemes.
Thus, the group of T -points of Aut(WP) is isomorphic to the group of T -points of the functor
T 7→W (T )/Γ∗(T ).
Theorem 4.23. The functor T 7→ W (T )/Γ∗(T ) is represented by the group superscheme W/Γ∗.
In particular, Aut(WP) is a group superscheme isomorphic to W/Γ∗.
Proof. To prove the theorem, note that the subgroup Γ∗(T ) ⊆ AutR(S⊗R) with R as above is the
kernel of a morphism AutR(S ⊗ R) → AutT (WP × T ), and is therefore a normal subgroup. Thus
Γ∗ is a closed subscheme of Aut(S), proving the theorem.
5 Moduli of Genus Zero SUSY Curves with Ramond Punctures
In this section we will describe the moduli problem of genus zero SUSY curve with nR ≥ 4 ordered
Ramond punctures.
Generalizing the definition of a SUSY curve in [Del] we define a SUSY curve with Ramond
punctures as follows:
Definition 5.1 (SUSY Curve). A SUSY curve Σ with nR Ramond punctures over T is given by
the data (X/T,L, u,R) where,
1. X/T denotes a smooth, proper morphism of π : X → T of superschemes of relative dimension
(1|1). We refer to X/T as a family of supercurves 4 over T underlying Σ. 5
2. L is a rank (1|0) vector bundle on X, called the SUSY line bundle. 6
3. u : L →֒ Ω1X/T is an inclusion of vector bundles over X.
4. and R is a degree nR codimension (1|0) divisor on X, unramified over T (see also Definition
4.9) such that coker(u) ∼= Ber(X/T ) ⊗L (R). We call the components of R Ramond punctures
and refer to (L, u,R) as a SUSY structure.
4here supercurve means a (1|1)-supercurve
5 or simply as a supercurve over T if the context is clear
6following no standard convention
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Henceforth, we will write a SUSY curve to mean a genus zero SUSY curve with nR ≥ 4 ordered
Ramond punctures.
From the condition coker(u) ∼= Ber(X/T )⊗L (R) we get a short exact sequence,
0 −→ L −→ Ω1X/T −→ Ber(X/T )⊗L (R) −→ 0. (38)
In [Del] Deligne defines a SUSY structure (L, u) (without Ramond punctures) as the kernel of a
derivation d : OX ։ Ber(X/T ). The short exact sequence (38) generalizes the definition in [Del]
to the case of Ramond punctures.
Definition 5.2 (Isomorphism of SUSY Curves). An isomorphism of SUSY curves over T
f : Σ = (X/T,L, u,R)
∼
−→ (X ′/T,L′, u′, R′) = Σ′
is an isomorphism of X
∼
−→ X ′ of supercurves over T such that f−1(R′) = R, and such that
the canonical isomorphism Ω1X/T
∼
−→ f∗(Ω1X′/T ) (center vertical arrow) induces an isomorphism
L
∼
−→ f∗(L′) (leftmost dotted vertical arrow) making the diagram
0 L Ω1X/T Ber(X/T )⊗L (R) 0
0 f∗(L′) f∗(Ω1X′/T ) f
∗Ber(X ′/T )⊗L (R′) 0
u
∼ ∼ ∼
u′
commute.
We define the moduli space M0,nR as follows:
Definition 5.3 (M0,nR). Let M0,nR denote the category fibered in groupoids over SupSch with fibers
over T the groupoid M0,nR(T ) with objects SUSY curves over T and with morphisms isomorphisms
of SUSY curves over T .
Is is proved 7 in [MZ19] that M0,nR is a Deligne-Mumford superstack . Our goal is to give
an explicit construction of M0,nR as a Deligne-Mumford quotient superstack of dimension (nR −
3|nR/2− 2).
5.0.1 Infinitesimal Deformations of WP
In this section we study the first order infinitesimal deformations of WP.
A first order infinitesimal deformation of WP is a deformation of WP over Speck[ǫ|η]/(ǫ2, ηǫ),
where the Z2-grading on the superalgebra D := k[ǫ|η]/(ǫ
2, ηǫ) is given by |ǫ| = 0 and |η| = 1.
Theorem 5.4. H1(T WP) is a (0|nR/2− 2)-dimensional super vector space over k.
7after the initial appearance of the present article
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Proof. We fix one an for all for WP the cover U = {U = Spec k[z, ζ], V = Spec k[w,χ]}.
We compute a basis for H1(T WP) from the Cˇech cover U :
H0(U,T WP) =

∑
k≥0
akz
k +
∑
bkz
kζ

 ∂
∂z
+

∑
k≥0
ckz
k +
∑
dkz
kζ

 ∂
∂ζ
(39)
H0(V,T WP) =

∑
k≥0
akw
k +
∑
bkw
kχ

 ∂
∂w
+

∑
k≥0
ckw
k +
∑
dkw
kχ

 ∂
∂χ
where ak, dk, ak, dk ∈ k and bk = ck = bk = ck = 0 for the above sections to be even and vice-versa
for the sections to be odd and where all summations are for k ≥ 0, unless otherwise specified.
Changing coordinates on U ∩ V we compute:
∂
∂w
=− z2
∂
∂z
+ (n/2− 1)ζz
∂
∂ζ
,
∂
∂χ
=z1−n/2
∂
∂ζ
.
A basis for the super vector space H1(T WP) is given by a basis for the (nullspace) of the
following system of equations:
∑
k≥0
akz
k −
∑
k≥0
akz
−k+2 =0, :
∂
∂z
(40)
∑
k≥0
bkz
k −
∑
k≥0
bkz
n/2+1−k =0, : ζ
∂
∂z
∑
k≥0
ckz
k −
∑
k≥0
ckz
1−k−n/2 =0, :
∂
∂ζ
∑
k≥0
dkz
k − (n/2− 1)
∑
k≥0
akz
−k+1 −
∑
k≥0
dkz
−k =0, : ζ
∂
∂ζ
,
We find that the following vector fields form a basis for H1(T WP):{
z−1
∂
∂ζ
, . . . , z−(nR/2−2)
∂
∂ζ
}
. (41)
Therefore, H1(T WP) is a (0|nR/2− 2)-dimensional super vector space over k.
Any first order infinitesimal deformation X of WP admits a covering by affines U ′ ∼= U ×
SpecD,V ′ ∼= V × SpecD where the isomorphism is as deformations over SpecD. We call U ′ and
V ′ local trivializations for X . It follows that X isomorphic to the superscheme constructed by
patching together this affine cover with the automorphism sending
z 7→ 1/w (42)
ζ 7→ χwnR/2−1 + η
nR/2−2∑
j=1
cjw
nR/2−1−j .
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where cj ∈ k.
5.0.2 Superextensions
Any polynomial superalgebra k[θ1, · · · , θn] with |θi| = 1 is an example of a Z/2Z-graded Artin
algebra over k. Equivalently, we say that k[θ1, · · · , θn] is a superextension (extensions by purely
odd variables) of k.
Let Λ be a bosonic algebra. We denote by SupExtΛ the category of superextensions of Λ.
For i ≥ 1, let Ri denote the subcategory of SupExtΛ of those objects with sheaf of odd nilpotent
vanishing in degree i+ 1.
The sequence of inclusions Λ →֒ R1 →֒ R2 →֒ R3 →֒ · · · gives a filtration of SupExtΛ. If
R ∈ SupExtΛ, then we define Ri = R/J
i+1 where J denotes the sheaf of odd nilpotents in R.
We define the associated filtration of R as the (finite) sequence {Λ = Rb, R1, . . . , Rm = R} where
m ∈ N is such that Jm = 0. We describe the structure of this sequence as follows:
Lemma 5.5. Let R and J be as above with Λ = Rb. The associated filtration of R is a composite
of square-zero extensions by the R/J i+1-module J i/J i+1,
R/J n = R→ R/J n−1 → · · · → R/J 3 → R/J 2 → R/J = Rb
where each R/J i+1-module J i/J i+1 has the structure of an Rb-module.
Proof. Each map R/J i+1 → R/J i in the composition corresponds to the extension
0→ J i/J i+1 → R/J i+1 → R/J i → 0
which is clearly square-zero since J i/J i+1 · J i/J i+1 = 0. To define an Rb-module structure on
J i/J i+1 let r ∈ Rb and let r
′ ∈ p−1(r) ∈ R/J i+1 where p : R/J i+1 → · · · → R/J = Rb is the
above composite of surjections. Define r · j = r′j for all j ∈ J i/J i+1. This is well defined because
if r′, r′′ ∈ p−1(r), then r′ − r′′ ∈ J /J i+1, and since J /J i+1 annihilates J i/J i+1 we have that
(r′ − r′′)j = 0.
Given a superscheme X over T the factorization of T induces a factorization Xi := X ×T
SpecR/J i of infinitesimal deformations, in the sense that each Xi is an infinitesimal deformation
of Xi−1 over Ti = SpecR/J
i+1.
5.1 E´tale Local Descriptions
It is a standard fact that any family of genus zero curves over T is e´tale locally isomorphic to the
trivial family P1 × T . We prove an analogous fact for supercurves underlying families of SUSY
curves over bosonic schemes.
Theorem 5.6. Any family of supercurves X over a bosonic space T underlying a SUSY curve Σ
is e´tale locally isomorphic to WP× T .
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Proof. We proved in part (a) of Theorem 4.14 that a supercurve X over bosonic scheme (say T ) is
(e´tale locally) isomorphic to the spin curve P1 × T with spin structure the line bundle J /J 2 ∼= J
(the sheaf of odd nilpotents on X) and that therefore,
OX ∼= SymO
P1×T
(ΠJ ∨)
where SymO
P1×T
denotes the supersymmetric algebra over OP1×T . To prove the theorem it suffices
to prove that there exists an e´tale cover over T on which OX is isomorphic to Sym (ΠO(1−nR/2)).
In part (c) of the aforementioned theorem, we showed that J is isomorphic to a square-root of
Ω1
P1×T/T ⊗L (Rb)
∼= O(nR− 2). A square-root of O(nR− 2) is a line bundle on P
1× T isomorphic
to
O(nR/2− 1)⊗ π
∗N
where π : P1 × T → T is the canonical projection and where N is a two-torsion line bundle on T .
There exists a canonical double (thus e´tale) cover p : P → T on which the line bundle N
trivializes. Indeed, define P to be the affine space Spec(OT ⊕ N ) with structure sheaf (with
multiplication is defined component-wise) OT ⊕ SymOTN . We find that p
∗N ∼= OP . Given any
square-root of O(nR − 2) there, therefore, exists an e´tale cover of T on which the square-root is
isomorphic to O(nR/2− 1). It follows that there exists an e´tale cover p : P → T such that
J ∨ ∼= O(1− nR/2)
and
OX×TP
∼= SymP1×P (ΠO(1 − nR/2)).
Given a superscheme T , we can construct an e´tale cover p : Pb → Tb of its bosonic reduction.
This cover extends uniquely to an e´tale cover p : P → T ([MZ19]). By fixing an isomorphism
φ : X ×T Pb
∼
−→ WP×Pb, we may treat the pair (X ×T P/P, φ) as deformation of WP×Pb over P .
Definition 5.7. Let A be a graded R-algebra such that WP× SpecR = ProjA. For any n ∈ Z, we
define the line bundles O(n) to be A(n)∼.
Let A = R[u(1), v(1)|θ(1−nR/2)] (with superscripts indicating the degree). The line bundle O(1)
is generated by its global sections, u, v, unR/2−iviθ with 0 ≤ i ≤ nR/2.
Corollary 5.8. Any SUSY line bundle L on a family of supercurves X over a bosonic space T
underlying a SUSY curve Σ is e´tale locally isomorphic to the line bundle OX(−2) on X.
Proof. Since the theorem is local, we can assume that X ∼= WP. The sheaf OX/J ∼= OP1 is a
projective OX -module. Tensoring the short exact sequence (38) with OX/J gives a short exact
sequence (preserving the grading) of OP1-modules
0 −→ Lb −→ Ω
1
P1
⊕ J −→ D∨b −→ 0
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where the subscript b indicates the bosonic reduction. Comparing ranks we find that Lb ∼= Ω
1
P1
∼=
O(−2).
Let j : WP → P1 denote a section of the inclusion i : P1 → WP. The line bundle j∗(Lb) on WP is
isomorphic to OWP(−2). Since (1) i
∗L = Lb and (2) j
∗(i∗L) = L, we conclude that L ∼= OWP(−2).
Any SUSY line bundle L restricts (e´tale locally) to a line bundle on WP × Pb. The above
corollary implies that this restriction is isomorphic to OWP×Pb(−2). Therefore, the restriction of
any SUSY line bundle on X/T is isomorphic to a deformation of OWP×Pb(−2) to X ×T P .
Lemma 5.9. Let X be a family of supercurves over T whose restriction to Tb is (e´tale locally)
isomorphic to WP×Tb. Then the line bundle OWP×Tb(−2) deforms uniquely to a line bundle on X.
Proof. Since the statement is local, we may assume that Tb = Speck and X ×T Spec k ∼= WP.
Since H2(OWP) ⊗ J
i/J i+1 = 0 and H1(OWP) ⊗ J
i/J i+1 = 0 for each i in the factorization of
T (Lemma 5.5), we conclude that (1) there exists at least one deformations of OWP(−2) to X and
(2) that there exists exactly one deformation of OWP(−2) to X.
This means that any SUSY line bundle L on a family of supercurves X/T underlying a SUSY
curve Σ is isomorphic to the deformation of OWP×Tb(−2) to X.
5.2 Automorphisms of SUSY Curves
In this section we prove that a SUSY curve has no infinitesimal automorphism and that, thereby,
the automorphism group of a SUSY curve is finite.
Let D := k[ǫ|η]/(ǫ2, ηǫ) be the superalgebra Z2-grading given by |ǫ| = 0 and |η| = 1. The
pullback of (WP,D, R) to Speck[ǫ|η]/(ǫ2, ηǫ) is the trivial first order infinitesimal deformation
(WP,D, R)). The infinitesimal automorphism group of (WP,D, R) is the automorphism group of
the trivial first order infinitesimal deformation (WP,D, R).
Remark 5.10. Let Aut(WP,D, R) : SupSch→ Group denote the functor sending a superscheme T
to the set of automorphisms of the SUSY curve (WP,D, R). Then the infinitesimal automorphism
group of (WP,D, R) is exactly the Lie superalgebra of Aut(WP,D, R).
Definition 5.11 (Superconformal Vector Fields). Let (WP,D, R) be a SUSY curve. A supercon-
formal vector field is a derivation X ∈ Γ(T WP) which preserves the SUSY structure (D, R) on WP.
We denote by A ⊂ TWP the sheaf of superconformal vector fields on (WP,D, R).
It follows from standard results that,
Lemma 5.12. The group of infinitesimal automorphism of (WP,D, R) is isomorphic to H0(WP,A).
In particular, the dimension of Aut(WP,D, R) is equal to H0(A).
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On the chart U = Speck[z, ζ] we may write the odd sections of A explicitly ([Wit12], Section
4.2.1) as
vf = f(z)
(
∂
∂ζ
− h(z)ζ
∂
∂z
)
(43)
and the even sections as
Vg = h(z)
(
g(z)
∂
∂z
+
g′(z)
2
ζ
∂
∂ζ
)
. (44)
where h(z) is the local defining section of the Ramond divisor R.
Theorem 5.13. If nR ≥ 4, H
0(A) = 0 and so dimk Aut(WP,D, R) = (0|0).
Proof. Using Cech cohomology, we find that the restriction of the global sections of T WP to U ∼=
Speck[z, ζu] when nR ≥ 4 have basis
{ζ∂z, zζ∂z, . . . , z
n/2+1ζ∂z, ∂z , z∂z , z
2∂z + zζ∂ζ , ζ∂ζ}.
and are, therefore, locally described by the vector fields
X− =
nR/2+1∑
i=0
biz
iζ∂z (45)
X+ = (a0 + a1z + a2z
2)∂z + (b0 + a2z)ζ∂ζ . (46)
It is clear that X− is not superconformal since it is not of the form given (43). For X+ to be
superconformal we must have that
n∑
i=0
biw
−i
(
(a0 + a1w + a2w
2)(−w2∂w + ζvw∂ζv + (a1 + a2w)ζv∂ζv
)
(47)
is a vector field on V ∼= Speck[w, ζv ]. This is not possible unless bi = 0 for all i ≥ 2, which would
mean that w(z) is the local defining function of a Ramond divisor with two irreducible components,
i.e X+ is a superconformal vector field if and only if nR = 2. This contradicts the assumption that
nR ≥ 4 and thus X
+ = 0. Therefore, any SUSY curve (WP,D, R) with nR ≥ 4 Ramond punctures
has no non-trivial infinitisimal automorphisms.
5.3 Bosonic Moduli Space
We define the bosonic moduli space of SUSY curves as follows:
Definition 5.14. Let (M0,nR)b denote the stack over Sch /k with fibers over T the groupoid
(M0,nR)b(T ) whose objects are SUSY curves over T and whose morphisms are isomorphisms of
SUSY curves over T .
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In the previous section we proved that e´tale locally (1) any family of supercurvesX/T underlying
a SUSY curve over a bosonic scheme T is isomorphic to WP×T and (2) that the SUSY line bundle
L on X is isomorphic to O(−2). A generating section for a SUSY structure on X is, therefore, a
global section of Hom(O(−2),Ω) ∼= H0(Ω1X/T (2)). To give rise to a SUSY structure an element of
H0(Ω1X/T (2)) must satisfy the non-integrability condition outside of the locus of R. The (1|1)-form
in (18) is an example of a (local description) of a global section of Ω1
WP
(2) generating a SUSY
structure on WP.
Definition 5.15 (Pre-SUSY Structure). A pre-SUSY structure on supercurve X over T is a pair
(L, u), where L is a line bundle on X isomorphic to O(−2) and where u : L →֒ Ω1X/T is an injective
morphism of vector bundles on X.
The pre-SUSY structures on a SUSY curve Σ over a bosonic space T are in bijection with the
global sections of Hom(O(−2),Ω) ∼= H0(Ω1X/T (2)).
Using Cˇech cohomology (with respect to the cover U = {U = Spec k[z, ζ], V = Spec k[w,χ] of
WP) we can give explicit local descriptions (on U) of the global section of Ω1X/T (2) as:
adz + ζ
nR∑
k=0
akz
kdζ (48)
with a, ak ∈ Γ(OT ) and where we require a to be invertible.
The sections in (48) generate a unique pre-SUSY structure up to multiplication by an invertible
factor of H0(O∗
WP
).
The super vector space H0(Ω1
WP
(2)) gives rise to an affine space
H
0(Ω1
WP
(2)) := SpecS(H0(Ω1
WP
(2))∗)
over Speck. If we choose a basis
{x1, x2, . . . , xnR+2}
for H0(Ω1
WP
(2))∗ dual to the basis
{dz, ζdζ, zζdζ . . . , znRζdζ}},
see (48), then we can identify this affine space with a standard one:
H
0(Ω1WP(2)) = SpecS(H
0(Ω1WP(2))
∗) ∼= Spec k[x1, . . . , xnR+2].
We are interested in the part of the affine space H0(Ω1
WP
(2)) which corresponds to the framed
pre-SUSY structures on Z, i.e. those which restrict to a one form on P1 We should take the first
coordinate x1 to be invertible and identify the open affine subscheme
Wb := SpecA[x1, x
−1
1 , . . . , xnR+2] ⊂ H
0(Ω1WP(2))
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as the space of framed pre-SUSY structures on WP.
We show in Section 5.5.2 that the subset of H0(Ω1
WP
(2)) corresponding to SUSY structure on
WP is an open subscheme of Wb. Let us denote this open subscheme by Yb.
The affine space Yb has a canonical SUSY curve given by the supercurve WP × Yb and with
SUSY structure the global section ̟ of H0(Ω1
WP×Y/Y (2)) whose restriction to the open subset
U = Spec k[z, ζ]× Y of WP× Y is
̟|U = x1dz + ζ
nR+2∑
k=2
xkz
k−2dζ (49)
5.3.1 Explicit Description of the Bosonic Moduli Space as a Deligne-Mumford Stack
Definition 5.16. Let Xb denote the category fibered in groupoids over Sch with fibers over T the
groupoid X (T ) whose objects are SUSY structures (L, u,R) on WP× T and whose morphisms are
automorphisms of L preserving u and R.
Theorem 5.17. The functor Xb is represented by the algebraic space
Yb/Gm
of dimension nR + 1, where Gm acts on Yb by its identification with H
0(O∗
WP
).
Proof. The scheme Yb has the natural structure of a category fibered in groupoids (sets) as follows:
The fiber of Yb over T is the groupoid Yb(T ) with objects SUSY structures on WP × T together
with a fixed framing c : L → O(−2) and with morphisms the identity.
Let ξ denote an object in Xb(T ) and let L denote its SUSY line bundle. We can fix an isomor-
phism c : L → OX(−2).
The SUSY structure on (ξ, c) is then generated by a global section w of H0(Ω1
WP×T/T (2)). The
restriction of w to the chart U × T is described as in (48) but with coefficients ti in Γ(OT ). Now
define h : T → Yb so that xi 7→ ti. Then h
∗̟ = w. The pair (ξ, c) corresponds to the map
h ∈ Yb(T ). This means that the category of pairs (ξ, c) is isomorphic to Yb(T ).
Define a surjection q : Yb(T ) → Xb(T ) sending (ξ, c) to ξ and the identity to the isomorphism
c. The set of isomorphisms c : L → O(−2) is a torsor for the group H0(O∗X)
∼= Gm(T ). This
means that each fiber q−1(ξ) is isomorphic to the group Gm(T ) over T and that the kernel of q is
isomorphic to Gm×T , where the group Gm×T = Spec k[t, t
−1]×T acts on Yb×T by multiplication
t ∗ (x1, x
−1
1 , . . . , xnR+2) = (tx1, tx
−1
1 , . . . , txnR+2).
It then follows that
Xb = [Yb/Gm].
To show Xb is an algebraic space, it suffices to prove that Gm acts freely on Yb. The group Gm
acts freely on Yb since x1 is invertible. Indeed, the only point of Yb (a subset of affine space) on
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which Gm could have acted trivially is (0, 0, · · · , 0), but we have excluded this point from Yb when
required x1 to be invertible.
The dimension of Xb is computed as the difference between the dimension of Yb (equal to nR+2)
and the dimension of Gm (equal to one).
Theorem 5.18. The stack (M0,nR)b is represented by the Deligne-Mumford stack
[Xb/Aut(WP)b]
of dimension nR − 3, where Aut(WP)b denotes the bosonic reduction of the supergroup scheme
Aut(WP).
Proof. Let Σ = (X/T,L, u,R) be a SUSY curve over T and let p : P → T be the e´tale cover on
which X ×T P ∼= WP× P as supercurves over P . Let us fix such an isomorphism with
φ : X ×T P
∼
−→ WP× P.
Using φ, we can pullback the SUSY structure on X ×T P to one on WP × P . This induces an
isomorphism of SUSY curves
Ψ : (Σ×T P, φ)
∼
−→ (WP× P, φ∗L, φ∗u, φ−1R).
The pair (Σ ×T P, φ) is, therefore, an object in Xb(P ). The category of pairs (Σ ×T P, φ) is
isomorphic to Xb(P ).
Define q : Xp(P )→ (M0,nR)p(P ) to send (Σ ×T P, φ) to Σ×T P . The set of isomorphisms φ is
a torsor for (Aut(WP))b and, therefore, the fibers of q are then isomorphic to (Aut(WP))b(P ). It
follows that the kernel of q is isomorphic to (Aut(WP))b × P .
Globalizing this fact to objects in T , we find that (M0,nR)b is isomorphic to the category of triples
(T,F , g) where F is a (Aut(WP))b×Gm-torsor on the big e´tale site of T with an (Aut(WP))b×Gm-
equivariant map g : F → Yb × T .
There exists a canonical action of the group (Aut(WP))b on Yb/Gm (thinking of Y/Gm as the
projective bundle H0(Ω1
WP
(2))/H0(O∗
WP
) over WP). It follows that
(M0,nR)b = [Xb/Aut(WP)b].
To show that (M0,nR)b is Deligne-Mumford we must show that Aut(WP)b acts on Xb with finite
stabilizers. It suffices to check this condition at the level of points. An automorphism of WP acts
trivially on an object of Xb(Spec k) ( a SUSY curve over Spec k) if and only that automorphism is
also an automorphism of the specified SUSY curve, i.e. if it preserves the SUSY structure.
We showed in Theorem 5.13 that a SUSY curve over Spec k has a finite group of automorphisms.
The stack (M0,nR)b is, therefore, Deligne-Mumford.
The dimension of (M0,nR)b is equal to the difference of the dimension of Xb (equal to nR + 1)
and the dimension of Aut(WP)b(equal to 4 by Theorem 4.23).
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5.4 Deformation Space of WP
We are interested in the determining the deformation space of WP. It follows from Lemma 5.4 that
WP deforms (non-trivially) only in “fermionic ” directions . To determine the deformation space
of WP it, therefore, suffices to work over the category of superextensions (an extension consisting
of only odd indeterminates) of k.
Definition 5.19 (DefWP). Let
DefWP : SupExtk → Set
denote the functor sending a superextension R of k to the set of isomorphism classes of deformations
of WP over R.
Candidate for Universal Base Scheme. Our candidate for a universal base scheme for DefWP is
S := SpecS H1(TWP)∗,
where S denotes the supersymmetric algebra over k. Choosing coordinates η1, . . . , ηnR/2−2 corre-
sponding to the basis (41) of H1(TWP), we may identify S with the affine superspace
A
0|nR/2−2 = Speck[η1, . . . , ηnR/2−2].
We will denote the superalgebra SH1(TWP)∗ = k[η1, . . . , ηnR/2−2] by A.
Candidate for Universal Deformation. Our candidate for the universal deformation of WP is the
superscheme Z with cover U = {U = SpecA[z, ζ], V = SpecA[w,χ]}, and patched together along
U ∩ V via the automorphism of Z|U∩V sending
z 7→ 1/w (50)
ζ 7→ χwnR/2−1 +
nR/2−2∑
j=1
ηjw
nR/2−1−j .
The restriction (by the unique map S → Spec k sending each ηi to zero) of Z to Speck is by
construction equal to WP. To treat Z as deformation of WP over S we need to add to it the data
of an isomorphism with WP. We take this isomorphism to be the identity map.
Theorem 5.20. The functor DefWP is represented by S with universal family Z.
Proof. Let (X/T, φ) be a deformation of WP over T = SpecR.
The pair (Xi/Ti, φ) denotes the pullback of the deformation (X/T, φ) to Ti = SpecRi where
Ri ∈ Ri
Consider the map τ : T1 → Spec k → S. Since τ factors through Spec k, τ(ηi) = 0. It then
follows from the gluing description of Z that Z ×S,τ T1 is the superscheme with cover U × T1 (U is
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the cover of WP described in theorem 5.4) glued together along U×T1∩V ×T1 by the automorphism
sending
z 7→ 1/w (51)
ζ 7→ χwnR/2−1
to WP× T1.
The pair (X1/T1, φ) is a deformation of WP over T1. The set of isomorphism classes of defor-
mations of WP over T1 is a torsor for H
1(T WP) ⊗ J /J 2. We compute H1(T WP) explicitly using
the Cˇech cover U to conclude that the elements of H1(T WP)⊗J /J 2 are linear combinations (with
coefficients in J /J 2) of (41). In particular, there exists an element
d1w
nR/2−2
∂
∂ζ
+ · · ·+ dnR/2−2w
∂
∂ζ
where di ∈ J /J
2 such that (X1/T1, φ) is isomorphic to the deformation of WP over T glued together
along the intersection of U × T1 by the automorphism sending
z 7→ 1/w (52)
ζ 7→ χwnR/2−1 +
nR/2−2∑
j=1
djw
nR/2−1−j .
Define f1 : T1 → S so that ηi 7→ di. It follows (again by gluing) that Z×S,f1T1
∼= X1 as deformations
of WP over T1. Thus (Z,S) is universal at first order.
Consider (Xn/Tn, φ) and let fn : Tn → S denote the unique morphism inducing an isomorphism
X ∼= Z ×S,fn Tn.
Define τ : Tn+1 → S to be any map such that τ |Tn = fn. Then Z ×S,τ Tn+1 is a deformation of
WP over Tn and in particular an infinitesimal deformation of Xn over Tn+1 glued along U ×Tn+1 ∩
V × Tn+1 by the automorphism
z 7→ 1/w (53)
ζ 7→ χwnR/2−1 +
nR/2−2∑
j=1
τ(ηj)w
nR/2−1−j .
Z ×S,τ Tn+1 is not necessarily isomorphic to (Xn+1/Tn+1, φ). The set of isomorphism classes of
deformations of WP (relative to Tn ) over Tn+1 are torsor for H
1(T WP) ⊗Rb J
i/J i+1. Therefore,
the exists dg ∈ J
i/J i+1 such that the superscheme (with cover U × Tn+1) and gluing formula
z 7→ 1/w (54)
ζ 7→ χwnR/2−1 +
nR/2−2∑
j=1
(τ(ηj) + dj)w
nR/2−1−j .
is isomorphic to Xn+1. Define fn : ηj → τ(ηj) + dj . The proof then follows by induction on i.
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The same proof replacing k with Tb and S with S ×k Tb shows that (Z,S) is a universal
deformation space for WP× Tb.
Any family of supercurves X over T underlying a SUSY curve is e´tale locally a deformation
(once we affix to X/T the data of an isomorphism, say φ : X ×T Tb
∼
−→ WP× Tb) of WP× Tb over
T .
The pair (Z,S) is the universal deformation space for isomorphism classes of framed supercurves.
Lemma 5.21. The supercurve Z is a closed subsuperscheme of P1 × A0|nR/2.
Proof. From the gluing description of the of Z as the deformation of WP over S with trivializing
cover U = {U = SpecA[z, ζ], V = SpecA[w,χ]}, and patching together along U ∩ V via the
automorphism of Z|U∩V sending
z 7→ 1/w (55)
ζ 7→ χwnR/2−1 +
nR/2−2∑
j=1
ηjw
nR/2−1−j .
we find that
ζ = χ(u/v)n/2−1 +
n/2−2∑
j=1
ηj(u/v)
n/2−1−j (56)
vn/2−1ζ = un/2−1χ+
n/2−2∑
j=1
ηju
n/2−1−jvj
Therefore,
Z ∼= Proj k[u, v|ζ, χ, η1, . . . , ηnR/2−2]/(v
n/2−1ζ − un/2−1χ−
n/2−2∑
j=1
ηju
n/2−1−jvj)
where the even coordinates u, v have degree one and the odd coordinates ζ, χ, η1, . . . , ηnR/2−2 have
degree zero. The proof of the corollary then follows from the identification of Proj k[u, v|ζ, χ, η1, . . . ,
ηnR/2−2] with P
1 × A0|nR/2
Corollary 5.22. If L is a SUSY line bundle on Z, then L ∼= OZ(−2).
Proof. This follows from the gluing description (50) of Z.
5.5 SUSY structures on Z
The (1|1)-form in (18) is an example of a local generating section for a SUSY structure on WP. In
this section we will give explicit descriptions of the local generating sections for SUSY (or rather
pre-SUSY) structures on Z.
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It follows from Corollary 5.22 that a generating section of a SUSY structure on Z is a global
section of Hom(O(−2),Ω) ∼= H0(Ω1Z/S(2)). We can compute local descriptions for the elements of
H0(Ω1Z/S(2) using the initial Cˇech cover of Z.
Definition 5.23 (Pre-SUSY Structure). A pre-SUSY structure on Z is a pair (L, u), where L is
a line bundle on Z isomorphic to OZ(−2) and where u : L →֒ Ω
1
Z/S is an injective morphism of
vector bundles on Z.
Definition 5.24 (Framed Pre-SUSY Structure). A framed pre-SUSY structure on Z is a SUSY
structure (L, u) together with a choice of isomorphism c : L
∼
−→ OZ(−2).
We can compute explicit local descriptions of the global section of H0(Ω1Z/S(2)) using the cover
U ×S of Z. The resulting section are local generating sections for the pre-SUSY structures (defined
below) on Z are unique up to multiplication by an invertible factor of H0(O∗Z).
Definition 5.25 (Framed SUSY-structure). A framed SUSY structure on Z is a SUSY structure
(L, u,R) on Z together with a choice of framing c : L
∼
−→ OZ(−2).
A framed pre-SUSY structure is a framed SUSY structure on Z if it is integrable only along
the divisor R.
5.5.1 Framed Pre- Structures on Z
In this section we give an explicit description of the framed pre-SUSY structures on Z. We compute
H0(Ω1Z/S(2)) using the Cˇech cover U = {U = SpecA[z, ζ],SpecA[w,χ] of Z.
The local sections of Ω1Z/S(2) with respect to the cover U are as follows:
H0(U,Ω1Z/S(2)) =

∑
k≥0
akz
k + ζ
∑
bkz
k

 dz +

∑
k≥0
ckz
k + ζ
∑
dkz
k

 dζ (57)
H0(V,Ω1Z/S(2)) =

∑
k≥−2
akw
k + χ
∑
bkw
k

 dw +

∑
k≥−2
ckw
k + ζ
∑
dkw
k

 dχ
where ak, dk, ak, dk ∈ A
+ and bk, ck, bk, ck ∈ A
− for the above sections to be even and vice-versa for
the sections to be odd. On the intersection U ∩ V , we have that
dw = −1/z2dz
dχ = (n/2− 1)zn/2−2ζdz −
n/2−2∑
j=1
jηjz
j−1dz + zn/2−1dζ
A basis for the super module over A of global sections of Ω1Z/S(2) correspond to the solutions to
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the equations:
∑
k≥−2
akz
k =−
∑
k≥0
akz
−k−2 +
n/2−2∑
j=1
ηj
∑
k≥0
bkz
−k+j−2 : dz
−
n/2−2∑
j=2
jηj
∑
ckz
−k+j−1 +
n/2−2∑
j=1
ηj
n/2−2∑
j′=2
j′ηj′
∑
dkz
−k+j+j′−1
∑
k≥−2
bkz
k =−
∑
bkz
n/2−3−k + (n/2− 1)
∑
ckz
n/2−2−k : ζdz
− (n/2− 1)
n/2−2∑
j=1
ηj
∑
dkz
−k+j+n/2−2 −
n/2−2∑
j=2
jηj
∑
dkz
n/2−2−k+j
∑
k≥−2
ckz
k =
∑
ckz
−k+n/2−1 −
n/2−2∑
j=1
ηj
∑
dkz
−k+j+n/2−1 : dζ
∑
k≥−2
dkz
k =
∑
dkz
−k+n−2 : ζdζ
where all coefficients with negative subscripts as well as ηj for j ≥ 0 are assumed to be zero. From
the above equations we find that
(a) {ak|k = 0}
(b) {bk|0 ≤ k ≤ n/2− 1}
(c) {ck|0 ≤ k ≤ n/2 + 1}
(d) {dk|0 ≤ k ≤ n}
is a rank-(nR + 2|nR + 2) basis for H
0(Ω1Z/S(2)). Note that since H
1(Ω1
WP
(2)) = 0, H0(Ω1Z/S(2))
is a free A-module. Setting a0 := a, the global sections of Ω
1
Z/S(2) are then locally on the chart U
given by 
a+ ζ
nR/2−1∑
k=0
bkz
k

 dz +

nR/2+1∑
k=0
ckz
k + ζ
nR∑
k=0
dkz
k

 dζ (58)
with a, dk ∈ A
+ and ck, bk ∈ A
− for this section to be even and vice versa for this section to be
odd. The set of framed pre-SUSY structures on Z can then be identified with the subset of the
even part H0(Ω1Z/S(2))
+ such that the coefficient a in (58) is invertible (otherwise the restriction
of a global section of the form (58) with non-invertible coefficient a could equal zero. Zero is not a
pre-SUSY structure on WP and thus such a section could not have been a pre-SUSY structure on
Z).
5.5.2 Open Subset of Framed SUSY Structures on Z
In this section we describe the open subset of H0(Ω1Z/S(2)) corresponding to framed SUSY structures
on Z.
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Any free A-moduleM of rank (m|n) gives rise to an affine (m|n)-superspace M over S = SpecA
by taking relative Spec of the supersymmetric algebra of its dual:
M := SpecS(M∗).
In particular, H0(Ω1Z/S(2)) (free of rank (nR + 2|nR + 2) over A) gives rise to an affine superspace
H
0(Ω1Z/S(2)) := SpecS(H
0(Ω1Z/S(2))
∗)
over S. If we choose a basis
{x1, x2, . . . , xnR+2, θ1, . . . , θnR+2}
for H0(Ω1Z/S(2))
∗ ∼= H0(Ω1
WP×S/S(2))
∗ dual to the basis
{dz, ζdζ, . . . , ζznRdζ, ζdz, . . . , ζznR/2−1dz, dζ, . . . , znR/2+1dζ},
see (58), then we can identify this affine superspace with a standard one:
H
0(Ω1Z/S(2)) = SpecS(H
0(Ω1Z/S(2))
∗) ∼= SpecA[x1, . . . , xnR+2|θ1, . . . , θnR+2].
We are interested in the part of the affine superspace H0(Ω1Z/S(2)) which corresponds to the
framed pre-SUSY structures on Z, i.e. those which restrict to pre-SUSY structure on Z×SSpec k =
WP. Thus, because of the last paragraph of the previous section, we should take the first coordinate
x1 to be invertible and identify the open affine subsuperscheme
W := SpecA[x1, x
−1
1 , . . . , xnR+2|θ1, . . . , θnR+2] ⊂ H
0(Ω1Z/S(2))
as the superspace of framed pre-SUSY structures on Z.
Henceforth, A[x1, x
−1
1 , . . . , xnR+2|θ1, . . . , θnR+2] will be denoted by B.
Consider the framed pre-SUSY structure ̟z of Z ×S W whose restriction to the coordinate
chart U = SpecB[z, ζ] is
̟Z |U =

x1 + ζ
nR/2−1∑
i=0
θi+1z
i

 dz +

nR/2+1∑
i=0
θi+nR/2+1z
i + ζ
nR∑
i=0
xi+2z
i

 dζ, (59)
Let Y ⊂W be the open superscheme defined by the open subset |Y | of the underlying topological
space |W | over which the framed pre-SUSY structure ̟Z of Z ×S W is maximally nonintegrable
except over a relative divisor R on Z ×S W over W with no multiplicities. Since we are looking at
the underlying topological space |W |, we may pass to the bosonic truncation (W )b and set all the
odd variables θ and η on W to zero. Then ̟ from (59) in the chart U(z, ζ) on Z ×S W will be
̟Z |U = x1dz + ζp(z)dζ, (60)
where
p(z) = x2 + x3z + · · ·+ xnR+2z
nR .
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The corresponding distribution will be generated by the vector field
∂/∂ζ − ζp(z)∂/∂z,
whose commutator with itself is
−2p(z)∂/∂z.
Thus, the subset |Y | above is defined as the complement to the discriminant locus of p(z):
|Y | := |W | \ {Discz p(z) = 0}
and is therefore open. The superscheme Y ⊂W is just the open superscheme defined by the open
set |Y |.
5.6 Moduli of SUSY structures on Z
We make precise the notion of the moduli space of SUSY structures on Z as follows:
Definition 5.26. Let X denote the category fibered in groupoids over SupSch/S with fiber over T
the groupoid X (T ) whose objects are SUSY structures (L, u,R) on Z ×S T and whose morphisms
are automorphism of L preserving u and R.
Theorem 5.27. The fibered category X is represented by the algebraic superspace over S,
[Y/Gm × (G
0|1
a )
nR/2 × S]
and is of relative dimension (nR + 1|nR/2 + 2) over S, where the group S-superscheme Gm ×
(G
0|1
a )nR/2 × S acts on Y by its identification with H0(O∗Z).
Proof. We revamp Y into a category of groupoids over SupSch/S with fibers over T the groupoid
Y (T ) whose objects are SUSY structures (L, u,R) on Z ×S T with a fixed isomorphism c : L →
OZ(−2) and whose morphisms are the identity.
Let (L, u,R) denote a SUSY struture on Z ×S T and denote by ξ the corresponding object
in X (T ). We may choose an isomorphism c : L → O(−2) so that the pair (ξ, c) is an object in
Y (T ). The SUSY structures on (ξ, c) are in particular framed SUSY structures on Z ×S T and
can, therefore, be described by a global sections of H0(Ω1Z×ST (2)). We can compute a basis for
H0(Ω1Z×ST (2)) using the Cˇech cover U × T . The elements of H
0(Ω1Z×ST (2)) are described locally
on U × T by the sections in (58) but with coefficients in Γ(OT ). In particular the framed SUSY
structure on (ξ, c) is specified by a set of coefficients ti, τi ∈ Γ(OT ) Define g : T → Y to send xi, θi
to ti, τi so that the SUSY structure on (ξ, c) is equal to g
∗̟z. The morphism g is clearly unique.
The descent data for Y (T ) is a torsor for the group of automorphisms of the line bundle O(−2)
on WP × T . The group of automorphisms of O(−2) is the group of T -points of the supergroup
scheme Gm× (G
0|1
a )nR/2×S (henceforth Γ∗S) representing global invertible sections on Z. It follows
that X is equal to the quotient superstack
[Y/Γ∗S ].
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where Γ∗S = SpecA[t, t
−1|τ1, · · · , τnR/2] acts on Y by multiplication. The see that the action is
free, note that the coefficient on dz in (59) is an element of Γ∗S(S). The T -points ( a group) of
the supergroup scheme Γ∗S act trivially on a point g of Y (T ) if and only if it acts trivially on the
SUSY structure associated to g, i.e. if it acts trivially on g∗̟z. Since the leading coeffiicient dz
(of g∗̟z) is an element of Γ
∗
S(T ) (and since a group acts freely on itself) Γ
∗
S(T ) has no fixed points
and, therefore, acts freely on Y (T ). Since T was arbitrary, we conclude that [Y/Γ∗S ] (and thus X )
is an algebraic superspace over S.
The dimension of X is a equal to the difference of the dimension if Y (equal to nR + 2|nR + 2)
and Γ∗S ( equal to 1|nR). The algebraic superspace is therefore of total dimension (nR+1|nR− 2+
nR/2 + 2) where nR/2− 2 is the dimension of S.
5.7 Moduli of Genus Zero SUSY curves with nR ≥ 4 Ramond punctures
Let E denote the fiber product of the diagram
C
Yb (M0,nR)b
where C denotes the universal object (a stacky SUSY curve) over (M0,nR)b and where Yb → (M0,nR)b
is the canonical smooth covering map
q : Yb → Yb/Gm → [(Yb/Gm)/(Aut(WP))b]
for (M0,nR)b.
The fiber product E is the SUSY curve (WP×Yb,̟) constructed in Theorem 5.17. To construct
M0,nR we first construct the moduli space of deformations of E.
Definition 5.28. Let DefE denote the category fibered in groupoids over SupExtYb with fibers over
T the groupoid DefE(T ) whose objects are deformations of the SUSY curve E over T and whose
morphism are isomorphism of deformations of E over T .
We already showed (Theorem 5.20) thatWP has a universal deformation space S = Spec k[η1, . . . , ηnR/2−2]
with universal deformation Z described in (50). It is easy to see that ̟z is a deformation of ̟ to
Y . Indeed, since the θi coefficients vanish when restricted to Yb, we have that ̟z|Yb = ̟.
Theorem 5.29. The category fibered in groupoids DefE is an algebraic superspace represented by
the quotient
(Y/Γ∗S)/Aut(Z/WP)
of dimension (nR − 3|nR/2− 2).
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Proof. Let Σ be a deformation of E over T . with underlying family of supercurves X/T . The
supercurve X/T is then in particular a deformation of WP× Yb.
We showed in Theorem 5.20 (base changed to Yb) that there exists a unique morphism f : T →
S × Yb such that X ∼= Z ×S×Yb,f T as deformations of WP× Yb over T . Let us fix with
Φ : X
∼
−→ Z ×S×Yb,f T
such an isomorphism. Let us also frame with c : L
∼
−→ OX(−2) the SUSY structure on Σ.
Using Φ, we can pullback the framed SUSY structure on X to a framed SUSY structure on
Z ×S×Yb,f T . This induces an isomorphism
Ψ : (Σ,Φ)
∼
−→ (Z ×S×Yb,f T,Φ
∗L,Φ∗u,Φ−1R,Φ∗c)
of deformations of E × Yb over T . The SUSY structure (Φ
∗L,Φ∗u,Φ−1R,Φ∗c) is a framed SUSY
structures on Z×S,f T . By Theorem 5.27 there then exists a unique morphism g : T → Y such that
the above SUSY structure is equal to g∗̟z (described in (58)). The triple (Σ,Φ, c) is the object g
in Y (T ).
The category of triples (Σ,Φ, c) is isomorphic to Y (T ). Define q : Y (T ) → DefE(T ) to send
(Σ,Φ, c) → Σ. The set of isomorphisms Φ is a torsor for the group Aut(Z/WP × Yb)(T ) of formal
automorphisms of Z over S×Yb (those automorphism of Z over S×Yb that restrict to the identity
on WP× Yb). The group of formal automorphisms of Z over S × Yb is representable (Proposition
2.6.2, [Ser07]). The fibers of q are isomorphic to the groups Aut(Z/WP× Yb)(T )× Γ
∗
S×Yb
(T ). The
kernel of q is therefore isomorphic to the supergroup scheme Aut(Z/WP× Yb)× ΓS×Yb × T .
We can identity X with H0(Ω1Z/S×Yb(2))/H
0(O∗Z).The supergroup scheme Aut(Z/WP×Yb) has
a canonical action on H0(Ω1Z/S×Yb(2))/H
0(O∗Z).
It then follows that
DefE = [X/Aut(Z/WP× Yb)].
To show that the quotient is an algebraic superspace we need to show that Aut(Z/WP × Yb)
acts freely on X . This facts follows from Theorem 5.13 in which we showed that a SUSY curve
(so in particular E) has no infinitesimal automorphisms. The dimension of DefE is equal to the
different between the dimension of Y/Γ∗S (equal to 1|nR/2 over S) and the dimension of the S×Yb-
supergroup scheme Aut(Z/WP× Yb). The supergroup scheme Aut(Z/WP× Yb) has tangent space
H0(T WP) (Proposition 2.6.2, [Ser07]) and is therefore of dimension (4|nR/2 + 2).
We proved in Theorem 5.6 that any family of supercurves X/T underlying a SUSY curve Σ
over Tb is e´tale locally isomorphic to WP× Tb. We use this fact to prove the following theorem:
Theorem 5.30. The Deligne-Mumford superstack M0,nR may be expressed as the quotient super-
stack
DefE/Z/2Z
of dimension (nR − 3|nR/2− 2).
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Proof. Let Σ be a SUSY curve over T and let X/T denote its underlying family of supercurves.
Let p : Pb → Tb be the e´tale cover on which X ×T Pb ∼= WP× Pb. In Theorem 5.18 we showed that
there exists a unique map h : Pb → Yb and an isomorphism φ : Σ ×T Pb
∼
−→ E ×Yb,h Pb of SUSY
curves over Pb. We may, therefore, treat the pair (Σ ×T P, φ) (where P is the unique extension of
the e´tale cover p : Pb → Tb to an e´tale cover p : P → T ) as a deformation of E×Yb,h Pb over P , i.e
as an object in DefE(P ).
The category of pairs (Σ×T P, φ) is in particular isomorphic to the groupoid DefE(P ). Define q :
DefE(P )→M0,nR(P ) to send (Σ, φ) to Σ and formal automorphisms to φ. The set of isomorphism
φ is a torsor for Z/2Z (the group of SUSY-automorphisms of E) Each fiber q−1(Σ) is isomorphic
to Z/2Z. The kernel of q is isomorphic to the group superscheme Z/2Z× P .
Globalizing the above discussion to objects in T , we find that M0,nR(T ) is isomorphic to the
groupoid of triples (T,F , π) where F is a Z/2Z × T -torsor over the big e´tale site of T and where
π : F → DefE is a Z/2Z× T -equvariant morphisms. It then follows from standard arguments that
M0,nR = [DefE/Z/2Z.]
The quotient is Deligne-Mumford because Z/2Z is finite and thus acts with finite stabilizers.
The dimension of M0,nR is equal to the difference between the dimension of DefE (equal to
(nR − 3|nR/2− 2)) and the dimension of Z/2Z (equal to zero).
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